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Linear prediction
1.

Starting from an economic model and/or an economic intuition, the
purpose of regression is to test a theory and/or to estimate a
relationship

2.

Regression analysis studies the conditional prediction of a dependent (or
endogenous) variable 𝑦 given a vector of regressors (or predictors or
covariates) 𝒙, 𝐸[𝑦|𝒙]

3.

The classical regression model is:
• A stochastic model: 𝑦 = 𝐸 𝑦 𝒙 + 𝜀, where ε is an error (or disturbance) term
• A parametric model: 𝐸 𝑦 𝑥 = 𝑔(𝒙, 𝛽), where 𝑔(∙) is a specified function and
𝛽 a vector of parameters to be estimated
• A linear model in parameters: 𝑔(∙) is a linear function, so: 𝐸 𝑦 𝒙 = 𝒙′𝛽
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Ordinary least squares (OLS) estimator

• With a sample of N observations (𝑖 = 1, … , 𝑁) on 𝑦 and 𝒙, the linear
regression model is:
𝑦𝑖 = 𝑥′𝑖 𝛽 + 𝜀𝑖
where 𝑥𝑖 is a 𝐾 × 1 regression vector and 𝛽 is a 𝐾 × 1 parameter vector
(the first element of 𝑥𝑖 is a 1 for all 𝑖)
• In matrix notation, this is written as 𝑦 = 𝑋𝛽 + 𝜀

• OLS estimator of 𝛽 minimizes the sum of squared errors:
𝑁

𝑖=1

𝜀𝑖 2 = 𝜀 ′ 𝜀 = (𝑦 − 𝑋𝛽)′(𝑦 − 𝑋𝛽)

which (provided that 𝑋 is of full column rank 𝐾) yields:
𝛽𝑂𝐿𝑆 = (𝑋 ′ 𝑋)−1 𝑋 ′ 𝑦 =

𝑖

𝑥𝑖 𝑥′𝑖

−1

𝑖

𝑥𝑖 𝑦𝑖

• This is the best linear predictor of 𝑦 given 𝒙 if a squared loss error function
𝐿 𝑒 = 𝑒 2 is used (where 𝑒 ≡ 𝑦 − 𝑦 is the prediction error)
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Interpretation of coefficients

• Economists are generally interested in marginal effects and elasticities

• Consider the model:
𝑦 = 𝛽𝑥 + 𝜀
𝜕𝑦

• 𝛽 = 𝜕𝑥 gives the marginal effect of 𝑥 on 𝑦
• If there is a dummy variable D, the model is:
𝑦 = 𝛽𝑥 + 𝛿𝐷 + 𝜀
𝜕𝑦

• 𝛿 = 𝜕𝐷 gives the difference in 𝑦 between the observations for which

𝐷 = 1 and the observations for which 𝐷 = 0
• Example: if 𝑦 is firm size and 𝐷 = 1 if the firm exports (and zero otherwise),

the estimated coefficient on 𝐷 is the difference in size between exporters and
non-exporters
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Interpretation of coefficients (ct’d)

• Often, the baseline model is not a linear one, but is based on exponential
mean:
𝑦 = exp(𝛽𝑥)𝜀

• This implies a log-linear model of the form:
ln y = 𝛽𝑥 + ln(𝜀)

• 100 ∗ 𝛽 is the semi-elasticity of 𝑦 with respect to 𝑥 (percentage change in 𝑦
following a marginal change in 𝑥)

• If the log-linear model contains a dummy variable:
ln y = 𝛽𝑥 + 𝛿𝐷 + ln(𝜀)

• The percentage change (𝑝) in 𝑦 from switching on the dummy is equal to
exp 𝛿 − 1

• You can do better and estimate 𝑝 =

exp[𝛿 ]
1

exp[2𝑣𝑎𝑟 𝛿 ]

− 1, which is consistent and

(almost) unbiased
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Interpretation of coefficients (ct’d)

• In many applications, the estimated equation is log-log:
ln 𝑦 = 𝛽 ln 𝑥 + 𝜀

• 𝛽 is the elasticity of 𝑦 with respect to 𝑥 (percentage change in 𝑦 following
a unit percentage increase in 𝑥

• Notice that dummies enter linearly in a log-log model, so their
interpretation is the one given in the previous slide
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Finite-sample properties of the OLS estimator
1.

Unbiasedness

𝐸[𝛽|𝑋] = 𝐸[ 𝑋 ′ 𝑋

−1

𝑋 ′ (𝑋𝛽 + 𝜀)|𝑋] = 𝛽 + 𝑋 ′ 𝑋

−1

𝑋′𝐸[𝜀|𝑋]

• Under the basic assumption of strict exogeneity, 𝐸 𝜀 𝑋 = 0,
𝐸 𝛽𝑋 =β

• Unconditionally, by the Law of Total Expectations, 𝐸[𝛽] = β
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Finite-sample properties of the OLS estimator (ct’d)
2.

Expression for variance

𝑉 𝛽 = 𝑋′𝑋

−1 𝑋′𝑉

𝑦 𝑋 𝑋′𝑋

−1

(1)

• Assuming that 𝑋 is non-stochastic, 𝑉 𝑦 = 𝑉 𝜀 = Ω so (1) becomes:
𝑉 𝛽 = 𝑋′𝑋

−1 𝑋′Ω𝑋

𝑋′𝑋

−1

(2)

• Notice that we always assume independence (𝐶𝑜𝑣(𝜀𝑖 𝜀𝑗 |𝑥𝑖 , 𝑥𝑗 = 0 for
𝑖 ≠ 𝑗) (conditionally uncorrelated observations), therefore Ω is a
diagonal matrix
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Finite-sample properties of the OLS estimator (ct’d)
Case 1: Homoskedasticity

• 𝜀𝑖 is i.i.d. (0, 𝜎 2 ) for all i: Ω = 𝜎 2 𝐼, where 𝐼 is identity matrix of dimension
N
• 𝑉 𝛽 = 𝜎 2 𝑋′𝑋

−1

• A consistent estimator of σ2 is

𝜀′𝜀
𝑁−𝐾

• Standard error of 𝛽𝑗 = 𝜎 2 𝑋 ′ 𝑋

where 𝜀 ≡ 𝑦 − 𝑋𝛽

𝑗𝑗

−1

(see Stata do file “ols.do”)
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Finite-sample properties of the OLS estimator (ct’d)
Case 2: Heteroskedasticity

• 𝜀𝑖 is ~(0, 𝜎𝑖 2)
• In this case, we need to estimate Ω in sandwich formula (2)
• Huber-White “robust” (i.e., heteroskedasticity-consistent) standard errors
use Ω = Diag(𝜀𝑖 2) where 𝜀𝑖 ≡ 𝑦𝑖 − 𝒙𝑖 ′𝛽
𝑁

• Stata computes (𝑁−𝐾) 𝑋 ′ 𝑋

−1 𝑋′Ω𝑋

𝑋 ′ 𝑋 −1 so that in case of
homoskedastic errors the usual OLS standard errors would be obtained
(see Stata do file “ols.do”)

3.

Gauss-Markov Theorem: OLS is the best (minimum variance) linear
unbiased estimator (BLUE)

4.

If we assume that 𝜀|𝑋~𝑁(0, Ω), then 𝛽~𝑁(𝛽, 𝑉 𝛽 )
• Hypothesis testing based on Normal, t and F distributions
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Asymptotic properties of the OLS estimator
1.

Under strict exogeneity, the OLS estimator is consistent (𝛽 converges in
probability to 𝛽)

2.

The OLS estimator 𝛽 is asymptotically normally distributed

13

Goodness of fit

• The total sum of squares (TSS) can be decomposed as the sum of the
explained sum of squares (ESS) and residual sum of squares (RSS)

• Coefficient of multiple determination, 𝑅2 , is defined as:

𝐸𝑆𝑆
𝑅𝑆𝑆
=
=1−
𝑇𝑆𝑆
𝑇𝑆𝑆
• It is the fraction of the variation of the dependent variable that is
attributable to the variation in the explanatory variables
𝑅2

• The adjusted 𝑅2 takes into account the number of regressors used:
𝑅2

= 1 − (1 −

• See Stata do file “ols.do”

𝑅2)

𝑁−1
𝑁−𝐾−1

• Note that only models with the same dependent variable can be
compared using 𝑅2 or 𝑅2
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Hypothesis testing

• The simplest test is whether a regression coefficient is statistically
different from zero: 𝐻0 : 𝛽𝑗 = 0

• Under the null hypothesis (𝐻0 ):
𝛽𝑗 ~𝑁(0, 𝑋 ′ 𝑋

𝑗𝑗

−1

𝑋′Ω𝑋 𝑋 ′ 𝑋

𝑗𝑗

−1

)

• The test-statistics is:
𝑡𝑗 ≡

𝛽𝑗 − 0
𝑠. 𝑒. (𝛽𝑗 )

~𝑡𝑁−𝐾

• Where 𝑡𝑁−𝐾 is the Student’s t-distribution with 𝑁 − 𝐾 degrees of freedom
• Large values of 𝑡𝑗 lead to rejection of the null hypothesis. In other words, if
𝑡𝑗 is large enough, 𝛽𝑗 is statistically different from zero
• Typically, a t-statistic above 2 or below -2 is considered significant at the 95%

•

level (±1.96 if N is large)
The p-value gives the probability that 𝑡𝑗 is less than the critical value for
rejection. If 𝛽𝑗 is significant at the 95% (99%) level, then p-value is less than
0.05 (0.01)
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Hypothesis testing (ct’d)

• Tests of multiple hypothesis of the form 𝑅𝛽 = 𝛼, where 𝑅 is an 𝑚 × 𝐾
matrix (𝑚 is the number of restrictions tested) can easily be constructed

• Notable example: global F-test for the joint significance of the complete
set of regressors:

𝐸𝑆𝑆/(𝐾 − 1)
𝐹=
~𝐹(𝐾 − 1, 𝑁 − 𝐾)
𝑅𝑆𝑆/(𝑁 − 𝐾)

• It is easy to show that:
𝑅2/(𝐾 − 1)
𝐹=
~𝐹(𝐾 − 1, 𝑁 − 𝐾)
2
(1 − 𝑅 )/(𝑁 − 𝐾)
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Example: Wage equation for married working women

• regress lwage educ exper age (see Stata do file “ols.do”)
Test statistics for the global F-test. p-value < 0.05 →
statistically significant relationship
The t-values test the hypothesis that the
coefficient is different from 0. To reject
this, you need a t-value greater than 1.96
(at 5% confidence level). You can get the
t-values by dividing the coefficient by its
standard error

Two-tail p-values test the
hypothesis that each coefficient
is different from 0. To reject this
null hypothesis at 5% confidence
level, the p-value has to be lower
than 0.05. In this case, only
education and experience are
significant

Number of obs = 428
F( 3, 424) = 24.65
Prob > F = 0.0000

R2 = 0.1485
Adj R2 = 0.1425
Root MSE

= .66969

Dep var: Ln(Wage)

Coeff.

Std. Err.

t

t > ӀpӀ

95% Conf. interval

Education

.1092758

.0142011

7.69

0.000

.0813625 .1371891

Experience

.0163246

.0045966

3.55

0.000

.0072897 .0253595

Age

-.0014064

.0048019

-0.29

0.770

-.0108448 .0080321

Constant

-.3469375

.2633613

-1.32

0.188

-.0108448 .0080321

Coefficient >(<)0 ⟹ positive (negative) effect of x on y (in
this case, semi-elasticities, so effect of education = 10.9%
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b) Introduction to panel data analysis

• Definition and advantages
• Panel data models and estimation

• Fixed effects model
• Alternatives to the fixed effects estimator
• Random effects model
• Hausman test and test of overidentifying restrictions
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Definition and advantages

• Panel data are repeated observations on the same cross section
• Example: a cross-section of 𝑁 firms observed over 𝑇 time periods

• There are three advantages of panel data:
1.

Increased precision in the estimation

2.

Possibility to address omitted variable problems

3.

Possibility of learning more about dynamics of individual behavior

•

Example: in a cross-section of firms, one may determine that 20% are
exporting, but panel data are needed to determine whether the same 20%
export each year
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Panel data models and estimation
• The general linear panel data model permits the intercept and the slope
coefficients to vary across individuals and over time:
𝑦𝑖𝑡 = 𝛼𝑖𝑡 + 𝑥′𝑖𝑡 𝛽𝑖𝑡 + 𝜀𝑖𝑡 ,

𝑖 = 1, … , 𝑁,

𝑡 = 1, … , 𝑇

• The number of parameters to be estimated is larger than the number of
observations, 𝑁𝑇
• Restrictions on how 𝛼𝑖𝑡 and 𝛽𝑖𝑡 vary and on the behavior of the error term
are needed
• In this context, we mainly discuss a specification of the general linear
panel data model with individual-specific effects, the so-called fixed
effects model
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Fixed effects model
• The fixed effects model is an individual-specific effects model
1. It allows each individual to have a specific intercept (individual effect),
while the slope parameters are the same:
𝑦𝑖𝑡 = 𝛼𝑖 + 𝑥′𝑖𝑡 𝛽 + 𝜀𝑖𝑡

(3)

The individual-specific effects 𝛼𝑖 are random variables that capture
unobserved heterogeneity

2.

• Example: 𝛼𝑖 capture firm-specific (and not time-varying) characteristics that are
not observable to the researcher (say, access to credit) and affect how much the
firm exports (𝑦𝑖𝑡 )

3.

Individual effects are potentially correlated with the observed regressors
𝑥′𝑖𝑡
•

Example: access to credit is potentially correlated with observable firm
characteristics, such as size
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Fixed effects estimator
• Take the model:
𝑦𝑖𝑡 = 𝛼𝑖 + 𝑥′𝑖𝑡 𝛽 + 𝜀𝑖𝑡
• Take the individual average over time:
𝑦𝑖 = 𝛼𝑖 + 𝑥 ′𝑖 𝛽 + 𝜀𝑖

• Subtracting the two equations we obtain:
𝑦𝑖𝑡 − 𝑦𝑖 = (𝑥𝑖𝑡 −𝑥𝑖 )′𝛽 + (𝜀𝑖𝑡 −𝜀𝑖 )
• OLS estimation of this equation gives the within-estimator (also called
fixed effects estimator) 𝛽𝐹𝐸
• 𝛽𝐹𝐸 measures the association between individual-specific deviations of
regressors from their individual-specific time averages and individualspecific deviations of the dependent variable from its individual-specific
time average
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Fixed effects estimator (ct’d)
• There are two potential problems for statistical inference:
heteroskedasticity and autocorrelation
• Correct statistical inference must be based on panel-robust sandwich
standard errors
• Stata command: vce(cluster id) or robust cluster(id), where id is your panel
variable
• For instance, if you observe firms over time, your id variable is the firm identifier

•

You can also use panel bootstrap standard errors, because under the key
assumption that observations are independent over 𝑖, the bootstrap
procedure of re-sampling with replacement over 𝑖 is justified
• Stata command: vce(bootstrap, reps(#)) where # is the number of pseudosamples you want to use

•

See do file “panel.do”
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Fixed effects estimator (ct’d)
• Applying the within-transformation seen above, we do not have to worry
about the potential correlation between 𝛼𝑖 and 𝑥′𝑖𝑡
• As long as 𝐸 𝜀𝑖𝑡 𝑥𝑖𝑡 , … , 𝑥𝑖𝑡 = 0 (strict exogeneity) holds, 𝛽𝐹𝐸 is consistent
•

Note: strict exogeneity implies that the error term has zero mean conditional on
past, present and future values of the regressors

• In words, fixed effects gives consistent estimates in all cases in which we
suspect that individual-specific unobserved variables are correlated with
the observed ones (and this is normally the case…)
• The drawback of fixed effect estimation is that it does not allow to identify
the coefficients of time-invariant regressors (because if 𝑥𝑖𝑡 = 𝑥𝑖 ,
𝑥𝑖𝑡 − 𝑥𝑖 = 0)
•

Example: it is not possible to identify the effect of foreign ownership on export
values if ownership does not vary over time
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Alternatives to the fixed effects estimator: LSDV and brute force OLS
• The least-squares dummy variable (LSDV) estimator estimates the model
without the within transformation and with the inclusion of 𝑁 individual
dummy variables
• It is exactly equal to the within estimator…
• …but the cluster-robust standard errors differ and if you have a “small
panel” (large 𝑁, small 𝑇) you should prefer the ones from within
estimation
• One can also apply OLS to model (1) by brute force, however this implies
inversion of an (𝑁 × 𝐾) × (𝑁 × 𝐾) matrix…
• See do file “panel.do”
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Random effects model
• If you believe that there is no correlation between unobserved individual
effects and the regressors, the random effects model is appropriate
• The random effect estimator applies GLS (generalized least squares) to the
model:
𝑦𝑖𝑡 = 𝑥′𝑖𝑡 𝛽 + (𝜀𝑖𝑡 +𝛼𝑖 ) = 𝑥′𝑖𝑡 𝛽 + (𝑢𝑖𝑡 )

• This model assumes 𝜀𝑖𝑡 ~𝑖. 𝑖. 𝑑. 0, 𝜎𝜀 2 and 𝛼𝑖 ~𝑖. 𝑖. 𝑑. 0, 𝜎𝛼 2 , so 𝑢𝑖𝑡 is
equicorrelated
• GLS is more efficient than OLS because 𝑉(𝑢𝑖𝑡 ) ≠ 𝜎2𝐼 and it can be
imposed a structure, so GLS is feasible
• If there is no correlation between unobserved individual effects and the
regressors, 𝛽𝑅𝐸 is efficient and consistent
• If this does not hold, 𝛽𝑅𝐸 is not consistent because the error term 𝑢𝑖𝑡 is
correlated with the regressors
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Hausman test and test of overidentifying restrictions
• To decide whether to use fixed effects or random effects, you need to test
if the errors are correlated or not with the exogenous variables
• The standard test is the Hausman Test: null hypothesis is that the errors
are not correlated with the regressors, so under 𝐻0 the preferred model is
random effects
•

Rejection of 𝐻0 implies that you should use the fixed effects model

• A serious shortcoming of the Hausman test (as implemented in Stata) is
that it cannot be performed after robust (or bootstrap) VCV estimation
• Fortunately, you can use a test of overidentifying restrictions (Stata
command: xtoverid after the RE estimation)
• Unlike the Hausman version, the test reported by xtoverid extends
straightforwardly to heteroskedastic- and cluster-robust versions, and is
guaranteed always to generate a nonnegative test statistic
• Rejection of 𝐻0 implies that you should use the fixed effects model
• See do file “panel.do”
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